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Abstract. It is well known that Piketty’s claim that inequality rises whenever
interest rates are higher than economic growth does not hold true in general.
However, two of his conjectures are worth of testing: 1) that inequality can
grow by a simple capital accumulation, i.e. the rich can get even richer both in
absolute and in relative terms just by saving a part of their interest incomes,
and 2) that slow economic growth can raise inequality. This paper develops a
general simulation framework for testing which assumptions are necessary to
get these outcomes. It also tests the conjectures in a simulated heterogeneous
Solow model. The simulation shows that inequality does not grow by capital
accumulation when there is no economic growth in the model.
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1 Introduction

In his seminal book [6], Piketty claims that inequality rises whenever interest rates r are higher than
economic growth g. However, there are many problems with this theory. First, it ignores that inequality
may be caused by other reasons than capital accumulation through savings. For instance, inequality may
be raised or lowered by changes of technology, outsourcing abroad, successful entrepreneurs’ innovations,
etc. The theory also ignores that there are forces that alleviate inequality caused by capital accumulation,
e.g. social mobility. Second, the theory completely ignores the role of institutions, see [1]. Third, the
theory in its formal setting ignores the fact that both interest rates and the rate of economic grows are
endogenous variables (i.e. it is not the ultimate explanation) and that the inequality depends on many
exogenous forces as rate of saving etc., see on-line appendix to [1]. For technical criticism of Piketty’s
claims, see papers quoted in [1]; for a more philosophical criticism see e.g. [5].

However, even though Piketty’s theory is incomplete and its major claim that the inequality rises
whenever r > g does not hold true in general, it has two important predictions that may still hold true:
1) Inequality can grow by a simple capital accumulation, i.e. the rich can get even richer both in absolute
and in relative terms just by saving a part of their interest incomes and the differences in capital holding
can explode. 2) Slow economic growth can raise inequality. Even though these two predictions may not
hold true under all possible conditions, there may still exist some conditions under which they hold true.
Piketty’s own model, however, is insufficient to provide these conditions and to test their consequences.
The goal of this paper is to provide a general simulation framework that allows testing which model
specifications produce results compatible with Piketty’s (generalized) predictions, and which do not. In
the next section I describe the general framework. In the third section I describe, simulate, and analyze
one possible model specification (heterogeneous Solow model) that shows how the framework can be
used for testing Piketty’s predictions given a particular model assumptions. The simulation results and
suggestions for future research are summarized in the last section.

2 General simulation framework for testing Piketty’s predictions

In this section, I propose a general framework for testing Piketty’s predictions. The framework is based
on methodology of agent-based computational economics (also called multi-agent models), see [9]. In
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these models, behavior of individual agents is specified and their interactions are simulated. This way,
one can try to “grow the expected phenomena from the bottom up”, i.e. test whether a particular set
of assumptions leads to the expected outcomes. There are several reasons why multi-agent simulation
is a more convenient approach to testing Piketty’s theory than standard macroeconomic models. First,
it allows populating the model with completely heterogeneous agents, i.e. there is no need to limit the
agents to few classes of representative or homogeneous agents (e.g. worker, capitalists, and the like). Every
agent can be completely different from others in these models. Second, since the models are simulated, no
restrictions on functional form of the models have to be imposed to ensure their solvability. Moreover, the
models are easily scalable and extensible. One can start with an extremely simple model (as is the model
proposed in the next section) and later extend it easily. Third, it is very easy to implement bounded
rationality, learning, and local interactions among agents if necessary. Disadvantage of this approach
is that the models are not analytically tractable. This, however, is the case with almost all modern
macroeconomic models. Moreover, properties of multi-agent models can be easily analyzed by standard
statistical procedures—both on macro-scale (where the behavior of the model as a whole is analyzed) and
on micro-scale (where the behavior of individual agents is analyzed). There are already some agent-based
macro-models that inquire impacts of various policies on inequality, see e.g. [2, 4, 10]. However, as far as
I know, there is no general framework or a particular model developed to test Piketty’s theory. Closest
comes [3] but even this paper is not specifically targeted to test Piketty’s conjectures.

The proposed framework consists 1) of the description of the minimal set of heterogeneous agents and
their properties and 2) of general recipe for simulating the model. The framework includes three types of
agents: 1) households that provide factors of production, consume, save, and possibly learn, reproduce,
and die, 2) firms that acquire factors of productions and produce and distribute goods, and 3) government
that redistributes the households’ incomes. There is no need for money in the model—everything can be
calculated in terms of a selected numéraire. The model is first initialized and then simulated in discrete
steps until a stop condition is met.

In the model initialization stage,

• initial households are created and endowed with initial amount of physical and human capital,
initial labor supply functions and initial consumption / saving functions and

• initial firms are created and endowed with the initial production functions.

In each step of simulation,

1. households supply labor and capital to firms,

2. factors of production (labor, physical and human capital) are allocated among firms,

3. firms produce consumption goods and distribute it among households,

4. the government redistributes households’ incomes,

5. capital depreciates,

6. households consume part of their net incomes and previous capital and save the rest, and this way
they update their stocks of capital, and

7. firms update their production functions, may go bankrupt or be created; households update their
labor supply functions and consumption / saving functions, may be born or die.

Various characteristics of the model’s state (such as inequality, economic growth, interest rates, etc.)
can be measured either in every simulation step (if one cares how the inequality changes over time) or
in the steady state of the model (if one cares about equilibrium values and if the model converges to a
steady state).

To implement the model, several things have to be specified:

• initial distribution of capital among households,

• each household’s labor supply function,
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• each household’s consumption / saving function,

• each household’s human capital adaptation over time,

• capital depreciation function,

• each firm’s production function and its changes over time,

• process of allocation of factor of production among firms,

• distribution of firms’ product,

• process of closing firms in loss and creating new firms,

• process of creating new households, eliminating the old ones, and distributing the inheritance,

• redistribution, and

• stop condition of the model.

3 Example: heterogeneous Solow model

In this section I describe one particular example of the model specification. It has been chosen such that
its assumptions are favorable to Piketty’s theory, it is simple, and yet is still compatible with standard
macroeconomic assumptions. In fact, the model presented here is a simple extension of Solow model [8].
The only difference between the standard Solow model and this model is that many heterogeneous agents
are explicitly assumed: each household has a different saving rate and different initial stock of capital.

3.1 Model setup

The model specification is following: I assume there are N heterogeneous households. Each household
lives forever, i.e. the wealth accumulation is not diluted by inheritance. It supplies lit = 1 unit of labor
at time t, i.e. “capitalists” do not work less than “workers” and do not earn lower wages than “workers”,
and hence the income inequality is not ameliorated this way. There is no human capital, i.e. all inequality
is due to accumulated physical capital. Household i’s initial physical capital ki0 is non-negative. The
total amount of the initial capital is the same in all simulations,

�
ki,0 = N . Household i’s income is

yit = wtlit + rtkit where wt is wage rate and rt is interest rate at time t. Household i’s saving at time t
is sit = σiyit where σi is household i’s marginal propensity to save (constant over time). Each household
draws its σi independently from uniform distribution U(

¯
σ, σ̄) where

¯
σ is the lower range and σ̄ is the

upper range of the support. Household i’s consumption at time t is then cit = yit−sit. Thus at time t+1,
household i will hold the amount of capital ki,t+1 = (1− δ)kit+sit where δ is depreciation rate (the same
for all households and all times).

There is only one competitive firm representing the whole economy that produces a homogeneous
product that is then distributed among the households in form of wages and interest payments. The firm
hires all labor and capital supplied and produces the aggregate product Yt with Cobb-Douglas production
function Yt = AtL

α
t K

1−α
t where Lt =

�
lit, Kt =

�
kit, α ∈ (0, 1) is the labor share of the product, and

At > 0 is the state of technology at time t. The technology improves over time such that At+1 = (1+γ)At

where γ ≥ 0. Since the firm behaves as a competitive firm, the wage rate wt = αAt(Kt/Lt)
(1−α) and

interest rate rt = (1 − α)At(Lt/Kt)
α are at time t equal to marginal products of labor and capital,

respectively, and the firm has no profit.

There is no government, and hence no redistribution that could have mitigated the inequality. The
inequality is measured by Gini coefficient of income, capital (i.e. wealth), and consumption. The simula-
tion stops when the absolute change of every measured Gini coefficients between the two following steps
is lower than 10−7.

For the simulation in this paper I use the following parameters. The number of households is N =
1 000. The initial level of technology is A0 = 1. The labor share is α = 0.7. There is no economic
growth, i.e. γ = 0. Households’ marginal propensities to save are drawn independently from uniform
distribution with support [0, 0.4] The depreciation rate δ = 0.04. There are four treatments that govern
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treatment equal uniform power law one rich all

initial capital 0.0003 0.002 0.00002 0.00003

(0.003) (0.002) (0.0001) (0.0001)

saving rate 74.168∗∗∗ 74.168∗∗∗ 74.168∗∗∗ 74.168∗∗∗ 74.168∗∗∗

(0.019) (0.019) (0.019) (0.019) (0.009)

intercept −3.031∗∗∗ −3.031∗∗∗ −3.032∗∗∗ −3.031∗∗∗ −3.031∗∗∗

(0.004) (0.005) (0.004) (0.004) (0.002)

observations 1,000,000 1,000,000 1,000,000 1,000,000 4,000,000

R2 0.962 0.962 0.962 0.962 0.962

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01

Table 1 Regression of the stock of capital held by an individual household in steady-state. Robust
standard errors are reported in parentheses.

the initial distribution of physical capital ki0: it can be distributed among households 1) equally, i.e. each
household gets 1 unit of capital, 2) uniformly, i.e. each household draws its initial capital randomly
from uniform distribution U(0, 2), and then the total amount of capital is re-normalized to N , 3) by
power law, i.e. each household draws its initial capital randomly from distribution created by preferential
attachment1, or 4) extremely unequally where one randomly chosen household gets all N units of capital
and other households get no capital at all. The model has been simulated 1 000 times for each treatment,
i.e. the total number of simulations is 4 000. Each four simulations, one for every treatment, start with
the same random seed which secures that each one of the four treatments starts with the same state of
the model, i.e. with the same values of individual households’ marginal rate of saving.2 The model was
implemented and simulated in NetLogo 5.3.1 [11] and analyzed in R 3.2.5 [7].

3.2 Results

The simulation shows that Piketty’s original conjecture that inequality rises whenever r > g is incorrect
within the present model specification. All three inequality measures converge to steady-state values even
though in the model’s steady state there is no economic growth and the interest rate is strictly positive
(it lies in range from 5.15% to 5.62% with mean value of about 5.3%), i.e. r > g indeed.

There is also no tendency for the initially rich households to get richer in relative terms over time.
On the contrary, there is even no persistence in capital holding, and the households’ steady-state stocks
of capital are independent from stocks of capital they held initially. This can be shown in three ways.
First, the steady-state distributions of all measured Gini coefficients from the simulations are independent
of the way the initial capital was distributed among the households. Kruskal-Wallis rank sum tests’ χ2

statistics are 0.0004, 0.0004, and 0.0001 for Gini coefficients for capital holding, income, and consumption
respectively, all with p-values indistinguishable from 1. Second, the capital held in the steady state by
an individual household is independent from the stock of capital the household held initially. Table 1
shows that the steady state individual stock of capital can be almost fully explained in terms of the
individual marginal rate of saving while the parameter for the initial stock of capital is negligible and
statistically insignificant. Third, given the initial values of individual households’ marginal rates of saving,
the resulting Gini coefficients converge to the same level despite the differences in the initial distribution
of capital among the households; for example see Figure 1.

1The algorithm for preferential attachment used here works in the following way. Initially, each household is given
0.01 units of capital. Then one household is selected randomly and is given another 0.01 units of capital—each household
is selected with probability proportional to the amount of capital the household already has. This step is repeated until all
households have together N units of capital.

2This is possible because the only stochastic part of the model is its initialization; the simulation steps are fully deter-
ministic. In the initialization, all households are first assigned their marginal rates of saving σi, and only then are given
their initial stocks of capital. Thus the same random seed secures the same values of all households’ marginal rate of saving.
Households’ initial stocks of capital are different in each treatment because different algorithms are used to assign them.
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Figure 1 Example of convergence of Gini coefficients over time for one particular set of individual house-
holds’ marginal rates of saving. Only first seventy steps are shown; the lines are indistinguishable later.

The simulation allows us to study causality in the model too. It is often assumed that richer households
save a higher part of their incomes. It can be seen within the model too: Table 1 shows a positive
correlation between the households’ marginal rates of saving and their steady state stocks of capital.
However, the causation is reverse here: the households that save more are richer in the model, and not
vice versa—the households’ marginal rate of saving are exogenous in the model.

The simulation also shows that Piketty’s preoccupation with the inequality in capital holding (which
is the model proxy for wealth) may be misleading. Figure 2 shows the distribution of steady-state Gini
coefficients for capital holding, incomes, and consumption. The wealth inequality is much higher than
income inequality which is higher than consumption inequality. If one cares about equality of households’
standards of living, the inequality of capital holding is a fairly poor measure of it. Moreover, if one cares
about wage-earners’ incomes, he should encourage savings rather than lower it with taxation. The reason
is straightforward: equilibrium wages wt = αAt(Kt/Lt)

(1−α) clearly rise with the stock of available
capital Kt in the model.
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Figure 2 Densities of steady-state Gini coefficients of consumption, income, and capital stock from all
treatments. All treatments are pooled because their distributions are indistinguishable from each other.
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4 Conclusions

The simulation shows that interest rates higher than economic growth is not a sufficient condition for
growing inequality. Moreover, the initial distribution of capital among the households has no impact on
the steady-state distribution of capital, i.e. there is no persistence in capital holding within the simple
heterogeneous Solow model presented above. (Testing impact of economic growth and changes in the
support of the distribution of the marginal rate of saving is beyond the scope of this paper.) However,
there still may be some reasonable assumptions that would yield outcomes compatible with Piketty’s
(generalized) predictions. The supporters of the theory should provide the list of these conditions. The
general simulation framework proposed above can be then used as an easy way to verify true results of
these assumptions.
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